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Introduction
The success of any optimization algorithm majorly depends on its proficiency to solve 
the complex engineering design optimization problems. Most of the design optimization 
problems in engineering are turning out to be complicated due to involving mixed (dis-
crete and continuous) variables under complex constraints. Generally, these problems 
are small- and large-scale nonlinear constrained problems and hence cannot be solved 
by traditional methods efficiently. Also, these problems can be represented as follows 
mathematically.

where f  : real-valued function, gl : inequality constraint and hk : equality constraint (these 
may be linear or nonlinear), x ∈ RD : D-dimensional decision vector, lj and uj : lower and 

(1)

minimization/maximization f (x), x =
(

x1, x2, . . . , xj
)

∈ RD

gl(x) ≤ 0, l = 1, 2, . . . , L; hk(x) = 0, k = 1, 2, . . . ,K ; lj ≤ xj ≤ uj , j = 1, 2, . . . ,D
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An advanced hybrid algorithm (haDEPSO) is proposed in this paper for small- and 
large-scale engineering design optimization problems. Suggested advanced, differen-
tial evolution (aDE) and particle swarm optimization (aPSO) integrated with proposed 
haDEPSO. In aDE a novel, mutation, crossover and selection strategy is introduced, to 
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eters, to escape stagnation. So, convergence characteristic of aDE and aPSO provides 
different approximation to the solution space. Thus, haDEPSO achieve better solutions 
due to integrating merits of aDE and aPSO. Also in haDEPSO individual population 
is merged with other in a pre-defined manner, to balance between global and local 
search capability. The performance of proposed haDEPSO and its component aDE and 
aPSO are validated on 23 unconstrained benchmark functions, then solved five small 
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upper limits for j th decision vector. L and K  : total number of inequality and equality 
constraints.

Many conventional optimization algorithms like Newton or quasi-Newton have 
been developed to solve engineering design optimization problems. However, they 
have certain inherent drawbacks like high computational complexity, local optimal 
stagnation and derivation of the search space [1]. Also, it is difficult to find the optimal 
solution in the solving process. Presently, to overcome the drawbacks of conventional 
optimization methods, a bunch of optimization methods known as meta-heuristics 
algorithms (MAs) has been introduced to solve complex engineering design optimi-
zation problems. According to the mechanical differences, the MAs can be catego-
rized into four groups as follows: swarm intelligence algorithms (SIAs)—inspired 
from behavior of social insects or animals, evolutionary algorithms (EAs)—inspired 
from biology, physics-based algorithms (PBAs)—inspired by the rules governing a 
natural phenomenon and human behavior-based algorithms (HBAs)—inspired from 
the human being. Some instances of these algorithms are listed as follows.

 (i) Swarm intelligence algorithms (SIAs): PSO (Particle Swarm Optimization) [2], 
ABC (Artificial Bee Colony Algorithm) [3], GWO (Grey wolf optimizer HHO) [4], 
(Harris hawks optimization: Algorithm and applications) [5], CS (Cuckoo Search) 
[6], DA (Dragonfly Algorithm) [7], KH (Krill Herd) [8], etc.

 (ii) Evolutionary algorithms (EAs): DE (Differential Evolution) [9] and GA (Genetic 
Algorithm) [10] are representatives of EAs.

 (iii) Physics-based algorithms (PBAs): GSA (Gravitational Search Algorithm) [11], 
EO (Equilibrium optimizer) [12], HS (Harmony Search) [13], WCA (Water Cycle 
Algorithm) [14], etc.

 (iv) Human behavior-based algorithms (HBAs): TLBO (Teaching–learning-based opti-
mization) [15], MBA (Mine blast algorithm) [16] and so on.

Among many MAs, DE and PSO have been widely used in continuous/discrete, 
constrained as well as constrained/unconstrained optimization problems. DE has 
remarkable performance and become a powerful optimizer in the field of real-world 
problems. However, it has few issues such as convergence rate and local exploita-
tion ability. In order to overcome its shortcomings, lots of DE has been designed in 
the literature like JADE [17], SADE [18], CDE [19], modified DE [20] and DSS-MDE 
[21]. Also, PSO has attracted attention to solve many complex optimization problems 
due to its efficient search ability and simplicity. However, main drawback of PSO is 
that it may easily get stuck at a local optimal solution region. Therefore, accelerat-
ing convergence speed and avoiding local optimal solutions are two critical issues 
in PSO. To overcome such issues many modified PSO are proposed in the literature 
such as HEPSO [22], RPSOLF [23], CPSO [24], IPSO [25], QPSO [26], PSO-OPS 
[27], MTVPSO [28], IPSO [29], MPSO-TVAC [30], IPSO-TVAC [31], θ-PSO [32] and 
MPSO [33]. Furthermore, hybrid strategy is one of the main research directions to 
improve the performance of single algorithm. Therefore, to enhance the performance 
of DE and PSO, lots of their hybrids are presented in the literature like FAPSO [34], 
PSOSCALF [35], CSDE [36], PSOSCANMS [37], DEPSO [38] and DPD [39].
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Although a large number of MAs are introduced in the literature, they could not 
able to solve variety of problems [40]. In other words, a method may have the accept-
able results for some problems, but not for others. Thus, there is a need to intro-
duce some effective algorithms to solve a wider range of optimization problems. 
Also, hybrid techniques are now more favored over their individual effort. Hence, it 
is the motivation of this study to present novel variants of DE and PSO with their 
hybridization.

Moreover, after an extensive literature review on different variants of DE and PSO 
with their hybridization, following points are analyzed and motivated from them.

 (i) In DE mutation and crossover strategy with their associate control parameters 
utilized to produce global best solution and beneficial for improving convergence 
behavior. Therefore, appropriate strategies and their associated parameter values of 
DE are considered a vital research study.

 (ii) The performance of PSO greatly depends on its parameters like acceleration coef-
ficients (guide particles to the optimum) and inertia weight (balancing diversity). 
Hence, many researchers have tried to modify control parameter of PSO to achieve 
better accuracy and higher speed.

 (iii) Hybrid algorithms have aroused interest of researchers due to its effectiveness for 
complex optimization problems. Since DE and PSO have complementary proper-
ties, therefore their hybrids has gained prominence recently. To best of our knowl-
edge, finding ways to combine DE and PSO is still an open problem.

Motivated by above observations and literature survey, following major contribu-
tions have been outlined for solving small- and large-scale engineering design optimi-
zation problems. Small-scale engineering design optimization problems include welded 
beam design (WBD), three-bar truss design (TRD), pressure vessel design (PVD), speed 
reducer design (SRD) and tension/compression spring design (T/CSD), whereas in large-
scale engineering design optimization problem namely economic load dispatch (ELD) 
with or without valve-point effects considering 3-, 6-, 15-, 40- and 140-unit test system.

 (i) Developed an advanced differential evolution (aDE) where combination of novel 
strategies with their associated parameter values are familiarized.

 (ii) Suggested an advanced particle swarm optimization (aPSO) which consists of 
novel gradually varying (decreasing and/or increasing) parameters.

 (iii) Designed an advanced hybrid algorithm by hybridizing advanced DE and PSO 
(haDEPSO: hybridization of aDE and aPSO).

Methods
In this section, following proposed methodology has been described in detail: (i) 
advanced differential evolution (aDE), (ii) advanced particle swarm optimization (aPSO) 
and (iii) hybrid haDEPSO.
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Advanced differential evolution (aDE)

In suggested advanced DE (aDE), modified mutation strategy and crossover rate as well 
as changed selection scheme are introduced as follows.

Mutation: 

where xti,j : target vector, vti,j : mutant vector, rand(0, 1) : uniformly spread random number 
between 0 and 1, bestj : best vector and τ : convergence factor (elects searching scale of all 
vectors). The dynamic adjustments of convergence factor ( τ ) are given as follows. (i) If 
τ = 1, then a vector will be randomly generated in the range [ xti,j , bestj ]. This can improve 
convergence rate of DE, but it may take risk of increasing probability of encountering 
local optima and (ii) if τ = µ(1− t/tmax)+ 1 , where t and tmax : current and total itera-
tion, µ : positive constant (determining the maximal searching scale of all vectors). In 1st 
iteration, τ ≈ µ+ 1 (as t = 1 is much smaller than tmax , then term t/tmax can be ignored). 
In max iteration, τ = 1 (as (1− t/tmax) = 0 ). Therefore, τ decreases linearly from µ+ 1  
to 1 during the whole optimization process. This can improve the convergence as well as 
avoid local optima.

Since τ is composed of a series of large values and enlarges the exploring scale of all vec-
tors earlier, whereas, τ composed a series of large values earlier and small values later which 
ensure global and local search capacity respectively. Also, it guaranteed to exploring the 
search space for all vectors of the proposed mutation strategy. These ensure global and local 
search capacity as well as exploring search space of all vectors of the proposed mutation 
strategy.

Crossover: 

In order to keep the global searching ability and improve convergence speed Cr is set as 
e (t−tmax)

tmax
 . It guarantees of individual diversity in early stage which improves global search 

ability. Further reduce degree of difference among individuals which accelerate conver-
gence rate in later stage.

Selection: It emphasizes on the random nature of aDE which is formulated as follows.

where f (·): fitness function values and p : random value in (0, 1]. In this selection each 
pioneer vector gets chance to survive and share its observed information with other 
vectors in the next steps. It implies searching capabilities are more enriched and 

(2)vti,j = xti,j + τ × rand(0, 1)×
(

bestj − xti,j

)

(3)uti,j (trial vector) =
{

vti,j; if rand(0, 1) ≤ Cr(crossover rate)

xti,j; otherwise

(4)xt+1
i,j =

{

xti,j; if f
(

uti,j

)

> f
(

xti,j

)

and rand(0, 1) < p

uti,j; otherwise
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advantageous for stabilizing essential exploration and exploitation trends to aDE. The 
pseudocode of the proposed aDE is presented below.

Advanced particle swarm optimization (aPSO)

Preferably, PSO needs strong exploration ability and exploitation capability at early 
and later phase of the evolution, respectively. In velocity update equation of PSO, iner-
tia weight ( w ) and acceleration coefficient (c1and c2) are important factors to satisfy the 
above requirement with following concept.

 (i) large and small values of w assist exploration and exploitation, respectively.
 (ii) c1 and c2 values facilitate exploitation and exploration of the search area based on 

ensuing strategies.

Considering all concerns like advantages, disadvantages and parameter influences of 
PSO, an advanced PSO (aPSO) is introduced in this study. It relies on novel gradually 
varying (decreasing and/or increasing) parameters ( w, c1and c2 ) stated as follows

(5)
w = wf +

(

wi − wf

)

(

t

tmax

)2

; c1 = c1f

(

c1i

c1f

)

(

t
tmax

)2

and c2 = c2f

(

c2i

c2f

)

(

t
tmax

)2
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where wi and wf  : initial and final values of w ; c1i and c1f  : initial and final values of c1 ; c2i 
and c2f  : initial and final values of c2 ; t and tmax : iteration index and maximum number of 
iteration. Hence, velocity and position of the i th particle are updated by following equa-
tions in the proposed aPSO. The pseudocode of proposed aPSO is presented below.

1. Begin 
2. initialize:  (population randomly), , , , ,  & 
3.  for
4.   evaluate fitness function value
5.   for  to 
6.     find pbest & gbest
7.     for  to 
8. update velocity of particles by eq. (6)    
9.      update position of particles by eq. (7)
10.   end 
11. end 
12.end 
13.
14.End 

Hybrid advanced DEPSO (haDEPSO)

An advanced hybrid algorithm (haDEPSO) is proposed to further improve solution 
quality. In haDEPSO, entire population is sorted according to fitness function value and 
divided into two sub-populations, i.e.,pop1 (best half ) and pop2 (rest half ), since pop1 
and pop2 contain best and rest half of the main population which implies good global 
and local search capability, respectively. In order to maintain local and global search 
capability, applying the proposed aDE (due to its good local search ability) and aPSO 
(because of its virtuous global search capability) on the respective sub-population ( pop1 
and pop2 ). Evaluating both sub-populations and then better solution obtained in pop1 
(by using aDE) and pop2 (by using aPSO) are named as best and gbest separately. If best 
is less than gbest, then pop2 is merged with pop1 thereafter merged population evalu-
ated by aDE (as it mitigate the potential stagnation). Otherwise, pop1 is merged with 
pop2 afterward merged population evaluated by aPSO (as it established to guide better 
movements). Basically, haDEPSO is based on relating superior capability of suggested 
aDE and aPSO. The flowchart of haDEPSO is demonstrated in Fig. 1 and the pseudocode 
described below.

(6)

vt+1
i,j =

�

wf +
�

wi − wf

�

�

t

tmax

�2
�

vti,j +



c1f

�

c1i

c1f

�

�

t
tmax

�2

r1

�

ptbesti,j − xti,j

�

+



c2f

�

c2i

c2f

�

�

t
tmax

�2

r2

�

gtbestj − xti,j

�

(7)xt+1
i,j = xti,j + vt+1

i,j
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1.Begin 
2. generate a random initial - population
3. for = 1

4. for = 1 to 
5.    evaluate and sort population according to fitness function values
6.    divide population into and according to best and worst solution
7.    evaluate (by aDE) and (by aPSO) 
8.    record best and gbest 
9.     if best < gbest then
10. merge with & apply aDE
11.    else                   
12. merge with & apply aPSO
13.   end
14. report the optimal solution
15. if termination criteria is met then
16. stop the process
17.    else
18.    repeat the process 
19.   end
20. end 
21.end
22. = + 1

23.End

Implementation of haDEPSO for optimization

The stepwise implementation of the proposed haDEPSO for Sphere function (continu-
ous, convex and unimodal) is demonstrated in this section. The initial parameters for the 
considered function are given as follows.

Start

Generate population randomly

Apply aDE in first best half Apply aPSO in rest half

Sorting the population and divide into two group

Merge aPSO pop with aDE 
pop then apply aPSO

Merge aDE pop with aPSO 
pop then apply aDE

Determine gbest solutionDetermine best solution

best < gbest

Report the optimal solution

Update particle velocity 
and position

Apply Mutation, Crossover 
and Selection

Stopping 
criteria met?

Stop

No No

Yes No

Yes

Fig. 1 Flowchart of haDEPSO
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(i) Mathematical formulation: Minimizef (x) =
∑D

i=1 x
2
i

(ii) Range of decision variables: − 5 ≤  xi  ≤  5
(iii) Number of decision variables = 2
(iv) Population size ( np) : 10
(v) Number of iteration ( t) : 10

Stepwise execution of the proposed haDEPSO for Sphere function
for iteration t = 1.

Step I: Initialization.

Generate a random initial population and evaluate the corresponding objective function 
value

required parameter:

for aDE τ = µ(1− t/tmax)+ 1 = 0.01(1− 1/10)+ 1 = 1.009 , 
bestj = [−1.0178 0.1578] , Cr = 0.4065 and p ∈ rand(0, 1].
for aPSO w = 0.8995 , c1 = 2.4600 , c2 = 0.508 , g1bestj = [−4.7351 0.1238] and initial 
velocity ( vti,j ) generated randomly in between 0 and 1 is

Step II: Sorting.

Arranging the population according to the fitness function values and dividing into 
two groups as pop1 and pop2.

































x1 x2
0.8532 −1.8670
−4.7351 0.1238
−1.0178 0.1578
−4.1070 −3.2185
2.2213 1.0189
−3.0080 −4.5791
−2.8943 4.7913
4.0218 2.9810
−3.1197 −1.7298
−19326 3.7452

































=

































f (x)
4.2136
22.4364
1.1937
27.2261
5.9723
30.0162
31.3335
25.0612
12.7247
17.7614

































vti,j =











0.2394 0.2218
0.1908 0.2419
0.2818 0.5319
0.3976 0.4134
0.1934 0.2357
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Step III: Applying.

aDE in pop1 and aPSO in pop2.

Advanced differential evolution (aDE) for pop1





























−1.0178 0.1578
0.8532 −1.8670
2.2213 1.0189
−3.1197 −1.7298
−1.9326 3.7452
−4.7351 0.1238
4.0218 2.9810
−4.1070 −3.2185
−3.0080 −4.5791
−2.8943 4.7913





























=





























1.1937
4.2136
5.9723
12.7247
17.7614
22.4364
25.0612
27.2261
30.0162
31.3335





























pop1











−1.0178 0.1578
0.8532 −1.8670
2.2213 1.0189
−3.1197 −1.7298
−1.9326 3.7452











=











1.0608
4.2136
5.9723
12.7247
17.7614











and pop2











−4.7351 0.1238
4.0218 2.9810
−4.1070 −3.2185
−3.0080 −4.5791
−2.8943 4.7913











=











22.4364
25.0612
27.2261
30.0162
31.3335











Mutation:
(

vti,j = xti,j + τ × rand(0, 1)×
(

bestj − xti,j

))











−1.0178 0.1578
1.1079 −1.2595
3.2092 0.8046
−2.5053 −1.1635
−1.6743 2.6689











Crossover

(

uti,j =
{

vti,j; if rand(0, 1) ≤ Cr

xti,j; otherwise

)











−1.0178 0.1578
1.1079 −1.2595
2.2213 0.8046
−2.5053 −1.1635
−1.6743 2.6689











=











1.0608
2.8137
5.5815
7.6302
10.8579
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Best function value obtained by aDE is 1.0608 named as best on pop1.

Advanced particle swarm optimization (aPSO) for pop2
Updated velocity vti,j 

(

vti,j = wvti,j(old)+ c1r1

(

ptbesti,j − xti,j

)

+ c2r2

(

gtbestj − xti,j

))

 and 

updated position xti,j 
(

xti,j = xti,j(old)+ vti,j(updated)
)

 of aPSO are given as follows.

Best function value obtained by aPSO is 12.6788 named as gbest on pop2.

Step IV: Condition

best < gbest then merging pop2 with pop1 and applying again aDE else merging pop1 
with pop2 then applying aPSO (best < gbest condition is applicable for iteration t = 1).

Mutation Crossover Selection

vti,j =





























−1.0178 0.1578

0.0450 −0.5508

1.6195 0.4812

−1.7615 −0.5028

−1.4752 1.4133

2.7687 0.2405

0.6980 1.3878

−2.4487 −0.9516

−2.0096 −1.5468

−2.7895 2.1062





























uti,j =





























−1.0178 0.1578

0.0450 −0.5508

1.6195 0.4812

−1.7615 −0.5028

−1.4752 1.4133

−2.5053 0.2405

0.6980 2.6178

−2.4487 −0.9516

−2.0096 −1.5468

−4.5612 2.1062





























=





























1.0608

0.3054

2.8543

3.3556

4.1736

6.3343

7.3400

6.9016

6.4310

25.2406





























xti,j =





























−1.0178 0.1578

0.0450 −0.5508

1.6195 0.4812

−1.7615 −0.5028

−1.4752 1.4133

2.5053 0.2405

0.6980 2.6178

−2.4487 −0.9516

−2.0096 −1.5468

−4.5612 2.1062





























Selection:

(

xti,j =
{

xti,j; if f
(

uti,j

)

> f
(

xti,j

)

and rand(0, 1) < p

uti,j; otherwise

)











−1.0178 0.1578
1.1079 −1.2595
2.2213 0.8046
−2.5053 −1.1635
−1.6743 2.6689











=











1.0608
2.8137
5.5815
7.6302
10.8579











vti,j =











0.2153 0.1995
−1.6080 −0.3631
0.2274 1.1575
0.0061 1.3276
−1.6669 −0.7366











and xti,j =











−4.5197 0.3233
2.4137 2.6178
−3.8795 −2.0610
−3.0014 −3.2515
−4.5612 4.0547











=











20.5322
12.6788
19.2982
19.5806
37.2451











Merged population (xti,j) =





























−1.0178 0.1578
1.1079 −1.2595
2.2213 0.8046
−2.5053 −1.1635
−1.6743 2.6689
−4.5197 0.3233
2.4137 2.6178
−3.8795 −2.0610
−3.0014 −3.2515
−4.5612 4.0547





























=





























1.0608
2.8137
5.5815
7.6302
10.8579
20.5322
12.6788
19.2982
19.5806
37.2451
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Step V: Termination criterion

Stop if optimal solution obtained otherwise repeat go to step II.

Similarly for iteration t = 5 for iteration t = 10




























−0.5984 0.1001

1.2541 −0.1241

1.7845 1.0012

−0.4512 −1.5231

−1.3251 0.1241

−3.0025 1.0154

1.7740 3.0015

−2.9632 −0.0214

−1.1254 −1.7458

−3.4125 2.0325

























































−0.1254 0.1201

0.2514 −1.0215

1.1245 1.3251

−0.6584 −0.5125

−1.7584 0.2141

−2.1254 0.0100

2.1102 3.0102

−3.1251 −0.1542

−1.3695 −0.3251

−2.0321 1.1254





























Results and discussion
The validation of the proposed algorithms with the solution of small- and large-scale 
engineering design optimization problems is included in this section.

Table 1 Unconstrained benchmark functions (UBFs)

fn egnaR.miDepyTnoitalumroF Graph 

f1
∑

un
im

od
al

 

30 [-100,100] 0 

f2
∑ | | + ∏ | 30 [-10, 10] 0 

f3 ∑ ∑ 30 [-100,100] 0 

f4 | | 30 [-100,100] 0 

f5 ∑ 100( ) + ( − 1) ] 30 [-30, 30] 0 

f6 + 0.5 30 [-100,100] 0 

f7 (∑ ) 30 [-1.28, 1.28] 0 

f8 ∑ | |

m
ul

ti
m

od
al

 

30 [-500,500] -418.9829*D 

f9 ∑ ( ) + 10] 30 [-5.12,5.12] 0 

f10 ∑ exp ∑ 30 [-32,32] 0 

f11 ∑ − ∏
√

+ 1 30 [-600, 600] 0 

f12
( ) + ∑ ( − 1) ( − 1)

∑ ( , 10,100,4) 
30 [-50,50] 0 

f13
0.1 ) + ∑ ( − 1) + 1)] + ( − 1) +

∑ ( , 5, 100,4)
30 [-50,50] 0 

f14 + ∑
∑

fi
xe

d-
di

m
en

si
on

 

2 [-65, 65]] 1 

f15 ∑ − 4 [-5,5] 0.00030 

f16 + 2 [-5,5]  −1.0316 

f17 − + − 6 + 10 1 − + 10 2 [-5,5] 0.398 

f18
1 + ( + 1) ( 30 +
( ) (

2 [-2,2] 3 

f19 −∑ −∑ 3 [1,3]  −3.86 

f20 −∑ −∑ 6 [0,1]  −3.32 

f21 −∑ (( ) ( ) ) 4 [0,10]  −10.1532 

f22 −∑ (( ) ( ) ) 4 [0,10]  −10.4028 

f23 −∑ (( ) ( ) ) 4 [0,10] −10.5363 
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Validation of proposed algorithms

The justification of suggested component aDE and aPSO with the proposed haDEPSO 
algorithm evaluated on 23 unconstrained benchmark functions (UBFs). The descriptions 
of UBFs are listed in Table 1.

Simulations were conducted on Intel (R) Core (TM) i5-2350 M CPU @ 2.30 GHz, RAM: 
4.00 GB, Operating System: Window 10, C-free Standard 4.0. After an extensive analysis, 
the parameters used in the proposed algorithms are fine-tuned and recommended as fol-
lows.wi (initial inertia weight) = 0.4, c1i (initial cognitive acceleration coefficient) = 0.5 and 
c2i (initial social acceleration coefficient) = 2.5 and wf  (final inertia weight) = 0.9, c1f  (final 
cognitive acceleration coefficient) = 2.5 and c2f  (final social acceleration coefficient) = 0.5. 
Moreover, to handle constraints constrained optimization problems transfers to uncon-
strained one by adding penalty term into objective function. The bracket operator penalty 
[41] is picked in the present study due to its higher efficiency. And after many experiments 
fine-tuning value of R = 1e03 is acclaimed to use in proposed algorithms. The overall best 
values in each table are highlighted with boldface letters of the corresponding algorithms.

The produced result by proposed algorithms on 23 unconstrained benchmark func-
tions (UBFs) is compared with traditional algorithms (HHO [5] and EO [12]), DE vari-
ants (JADE [17] and SHADE [18]), PSO variants (HEPSO [22] and RPSOLF [23]) and 
hybrid variants (FAPSO [34] and PSOSCALF [35]). The parameters of all above com-
pared and proposed algorithms are listed in Table 2. For fair comparison population size, 
stopping criteria and independent run of proposed algorithms is taken as minimum of 
corresponding comparative algorithms. The comparative experimental results in terms 
of mean, std. (standard deviation) and ranking of the objective function values are pre-
sented in Table 3 of 30 independent runs.

It should be noted that from Table  3, the mean objective function values of the pro-
posed aDE, aPSO and haDEPSO algorithms are better and/or equal in comparison of 

Table 2 Parameter setting of compared and proposed algorithms for UBFs

Algorithm Year References Control parameter Population size Stopping 
criterion

Run

Term Values

EO 2019 [12] a1, a2 and GP {1, 1.5, 2, 2.5, 3}, 
{0.1, 0.5, 1, 1.5, 2} 
and (0.1.0.25, 0.5, 
0.75, 0.9}

30 500 30

HHO 2019 [5] Escaping energy E < 0.5, E ≥ 0.5 30 500 30

JADE 2009 [17] Fi and CRi, randci(μF, 0.1) and 
 randni(μCR, 0.1)

50 1000 30

SHADE 2013 [18] Pbest and Arc rate 0.1 and 2 30 500 30

HEPSO 2014 [22] PC and  PB 0.95 and 0.02 50 500 30

RPSOLF 2017 [23] w, c1, c2, c3 and β, ε 0.55, 1.49, 1.49, 1.5 
and 0.99

50 500 30

FAPSO 2018 [34] – – 50 5000 30

PSOSCALF 2018 [35] wmin, wmax,  c1min, 
c1max, c2min, c2max 
and β

0.4, 0.9, 0.5, 2.5, 0.5, 
2.5 and 1.5

50 500 30

aDE Proposed – – 30 500 30

aPSO wi ,wf , c1i , c1f , c2i 
and c2f

0.4, 0.9, 0.5, 2.5, 2.5 
and 0.5

30 500 30

haDEPSO – – 30 500 30
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above-listed traditional algorithms, DE variants, PSO variants and hybrid variants. As per 
the experimental results shown in Table 3, the following comparison results are summa-
rized as follows for UBFs cases (i). Unimodal function (f1–f7): proposed haDEPSO obtained 
better results in all functions (f1–f6) meanwhile slightly inferior on f7, suggested aDE 
obtained better results for f1, f2, f3 and f6 functions whereas aPSO achieve better results 
for f1 and f2 as well as marginally similar for the rest functions. (ii). Multimodal function 
(f8–f13): proposed haDEPSO obtained better results for all six functions (f8–f13) and similar 
for f8 (on JADE and PSOSCALF), f9 (on EO, RPSOLF, FAPSO and PSOSCALF), f11 (on EO, 

a f1 (Sphere function) b f5 (Rosenbrock function)
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Fig. 2 Convergence graph of UBFs
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RPSOLF and PSOSCALF) and f13 (on PSOSCALF). Suggested aDE attained better results 
for f8, f9, f11 and marginally similar/inferior for the rest functions, whereas aPSO obtained 
better result for f9 and slightly inferior for the rest. (iii). Fixed-dimension function (f14–f23): 
proposed haDEPSO and aDE exhibits best performance on all functions, meanwhile aPSO 
obtained marginally better or equal results compared to other algorithms.

Moreover, all algorithms are individually ranked (as ‘1’ for the best and ‘2’ for sub-
sequent performer and so on) in Table  3 based on mean result values. From this 
table it is concluded that haDEPSO, aDE and aPSO ranked 1st, 2nd and 4th sequen-
tially. Also, average and overall rank of proposed algorithms Vs others is presented 
in Table  3. It is clear that (from ranking) performances of proposed algorithms are 
superior to others. Eventually, proposed aDE, aPSO and haDEPSO produce less std. 
(it may 0.00E+00) for most of the cases on UBFs which describe their stability. Fur-
thermore, superiority of proposed algorithms is statistically validated over other 
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algorithms through one-tailed t test (with 98 degree of freedom (df) at 5% significance 
level) and Wilcoxon signed rank (WSR) test (at 5% significance level). The details 
of these tests can be found in [42]. The results of t test and WSR test on UBFs are 
reported in Table 4. From Table 4 it can be seen that proposed algorithms have both ‘a 
(significantly better than other)’ and ‘a+ (highly significance with other)’ sign (in case 
of t test) and perform better or equally (in case WSR test) in most of consequence. 
Also, the p values as reported in Table 4 of the proposed algorithms are less with oth-
ers which conclude that simulations are reliable for the majority of runs.

The convergence speed of proposed and comparative algorithms is compared over 8 (f1, f5, f6, 
f7, f8, f9, f10 and f11) typical 30D UBFs. All plotted convergence graphs (objective function values 
Vs iterations) are separately presented in Fig. 2a–h. From these figures, it can be concluded that 
proposed aDE, aPSO and haDEPSO converge much faster than other algorithms in all cases.

Also, an attempt is made to find global optimal solution total of 690 runs (30 runs 
for each UBFs with 30 population size) and illustrated in Fig.  3. It confers that the 
proposed algorithms score the highest optimum solutions.

Apart from this, computational time of proposed and compared algorithms on each UBF 
is computed and presented through box plots in Fig. 4. From this figure, it can be perceived 
that the proposed algorithms take lesser time to achieve the best value for the entire UBFs.

Fig. 5 Schematic diagram of welded beam design (WBD) problem

Fig. 6 Schematic diagram of three-bar truss design (TRD) problem
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As a whole, above numerical, statistical and graphical result analysis shows that proposed 
aDE, aPSO and haDEPSO are performed very competitive and/or equally with other com-
pared algorithms. However, among three proposed algorithms haDEPSO is superior.

Application
In order to further examine proposed algorithms aDE, aPSO and haDEPSO are further 
applied to solve-following five well-known small- and one large-scale engineering design 
optimization problem.

Small‑scale engineering design optimization problems

Considered small-scale engineering design optimization problems are briefed as follows.

(i) Welded beam design (WBD) problem

Its objective is to find the minimum cost design of a structural welded beam design, sub-
ject to constraints g1 : shear stress (τ ) , g2 : bending stress in the beam ( σ ), g3 , g4 , g5 : side 
constraints, g6 : end deflection of the beam (δ) and g7: bucking load on the bar ( Pc ) with four 
design variables h(x1) : thickness of the weld, l(x2) : length of the welded joint, t(x3) : width of 
the beam and b(x4) : thickness of the beam. The schematic diagram of this problem is pre-
sented in Fig. 5, and it can be formulated as follows.

where τ(x) =
√

(τ̇ )2 + 2τ̇ τ̈ x2
2R + (τ̈ )2 , τ̇ = p√

2x1x2
 , τ̈ = MR

J  , M = P
(

L+ x2
2

)

 , 

R =
√

x22
4 +

(

x1+x3
2

)2 ,  J = 2

{√
2x1x2

[

x22
12 +

(

x1+x3
2

)2
]}

 , 

σ(x) = 6PL
x4x

2
3

, δ(x) = 4PL3

Ex33x4
,Pc(x) =

4.013E
√

(

x23x
6
4/36

)

L2
×

(

1− x3
2L

)

√

E
4G .

minimize f (x) = 1.10471x21x2 + 0.04811x3x4(14.0+ x2)

subject to:

g1(x) = τ (x)− τmax ≤ 0; g2(x) = σ(x)− σmax ≤ 0;
g3(x) = x1 − x4 ≤ 0; g4(x) = 0.10471x21 + 0.04811x3x4(14 + x2)− 5 ≤ 0;
g5(x) = 0.125− x1 ≤ 0; g6(x) = δ(x)− δmax ≤ 0;
g7(x) = P − Pc(x) ≤ 0 and 0.1 ≤ xi ≤ 2; i = 1, 4 & 0.1 ≤ xi ≤ 10; i = 2, 3.

Fig. 7 Schematic diagram of pressure vessel design (PVD) problem
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P = 61lb, L = 14in, E = 30×106psi,G = 12×106psi, τmax = 13, 600psi, σmax =
30, 600psi, δmax = 0.25in.

 (ii) Three-bar truss design (TRD) problem

It is dealt with the design of a three-bar truss structure in which the volume is to be 
minimized subject to stress constraints. The problem has two decision variables and 
three constraints. The schematic diagram of this problem is presented in Fig. 6 and it 
can be formulated as follows.

where 0 ≤ xi ≤ 1, i = 1, 2; l = 100 cm,P = 2 kN/cm2, σ = 2 kN/cm2.

 (iii) Pressure vessel design (PVD) problem

Its objective is to minimize the total cost f (x) , including cost of the material, forming 
and welding with variables Ts (thickness of the shell), Th (thickness of the head), R (inner 
radius) and L (length of the cylindrical section of the vessel). Both thickness variables 
(Ts, Th) must be integer multiple values of 0.0625 inch, which is the available thickness 
of rolled steel plates. R and L are continuous variables. A cylindrical vessel is capped at 
both ends by hemispherical heads. The schematic diagram of this problem is presented 
in Fig. 7 and it can be formulated as follows.

minimize f (x) =
(

2
√
2xl + x2

)

× l

subject to:

g1(x) =

(√
2x1 + x2

)

√
2x21 + 2x1x2

p− σ ≤ 0, g2(x) =
x2√

2x21 + 2x1x2
p− σ ≤ 0

g3(x) =
1√

2x1 + x1
p− σ ≤ 0;

minimize f (x) = 0.6224x1x3x4 + 1.7781x2x
2
3 + 3.1661x21x4 + 19.84x21x3

subject to:

g1(x) = −x1 + 0.0193x3 ≤ 0, g2(x) = −x2 + 0.00954x3 ≤ 0,

g3(x) = −πx23x4 − (4/3)πx33 + 1296000 ≤ 0,

g4(x) = x4 − 240 ≤ 0

Fig. 8 Schematic diagram of speed reducer design (SRD) problem
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where 0 ≤ xi ≤ 100; i = 1, 2 and 10 ≤ xi ≤ 200; i = 3, 4.

 (iv) Speed reducer design (SRD) problem

Its aim is to minimize the weights of the speed reducer subject to constraints on bending 
stress of the gear teeth, surface stress, transverse deflections of the shafts and stresses in 
the shafts. The variables x1 to x7 represent the face width (b), module of teeth (m), number 
of teeth in the pinion (z), length of the first shaft between bearings ( l1), length of the second 
shaft between bearings ( l2 ) and the diameter of first ( d1 ) and second shafts ( d2 ), respec-
tively. This is an example of a mixed integer programming problem. The third variable x3  
(number of teeth) is of integer values while all rest variables are continuous type. The sche-
matic diagram of this problem is presented in Fig. 8 and it can be formulated as follows.

where 2.6 ≤ x1 ≤ 3.6, 0.7 ≤ x2 ≤ 0.8, 17 ≤ x3 ≤ 28, 7.3 ≤ x4 ≤ 8.3, 7.3 ≤ x58.3 , 
2.9 ≤ x6 ≤ 3.9, 5.0 ≤ x7 ≤ 5.5.

minimize f (x) = 0.7854x1x
2
2

(

3.3333x23 + 14.9334x3 − 43.0934
)

− 1.508x1

(

x26 + x27

)

+ 7.4777
(

x36 + x37

)

+ 0.7854
(

x4x
2
6 + x5x

2
7

)

subject to:

g1(x) =
27

x1x
2
2x3

− 1 ≤ 0, g2(x) =
397

x1x
2
2x3

− 1 ≤ 0,

g3(x) =
1.93x24
x1x

4
6x3

− 1 ≤ 0, g4(x) =
1.93x24
x1x

4
7x3

− 1 ≤ 0,

g5(x) =
[

(745(x4/x2x3))
2 + 16.9× 106

]
1/2

110x36
− 1 ≤ 0,

g6(x) =
[

(745(x5/x2x3))
2 + 157.9× 106

]
1/2

85x37
− 1 ≤ 0,

g7(x) =
x2x3

40
− 1 ≤ 0, g8(x) =

5x2

x1
− 1 ≤ 0,

g9(x) =
x1

12x2
− 1 ≤ 0, g10(x) =

1.5x6 + 1.9

x4
− 1 ≤ 0,

g11(x) =
1.5x7 + 1.9

x5
− 1 ≤ 0,

Fig. 9 Schematic diagram of tension/compression spring design (T/CSD) problem
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Table 5 Optimum results for welded beam design problem

Algorithms Optimal values for variables Optimal cost

H(x1) L(x2) T(x3) b(x4)

SCA 0.2444 6.2380 8.2886 0.2446 2.3854

SBM 0.2407 6.4851 8.2399 0.2497 2.4426

FSA 0.2444 6.1258 8.2939 0.2444 2.3811

DA 0.194288 3.46681 9.04543 0.205695 1.70808

EO 0.2057 3.4705 9.03664 0.2057 1.7249

CS 0.2015 3.562 9.0414 0.2057 1.73121

CDE 0.2031 3.5430 9.03350 0.2062 1.7335

IPSO 0.2444 6.2175 8.2915 0.2444 2.3810

CPSO 0.2024 3.5442 9.04821 0.2057 1.7280

ABC 0.205730 3.470489 9.036624 0.205730 1.724852

EPO 0.205411 3.472341 9.035215 0.201153 1.723589

GWO 0.205678 3.475403 9.036964 0.206229 1.726995

PSO 0.197411 3.315061 10.00000 0.201395 1.820395

MVO 0.205611 3.472103 9.040931 0.205709 1.725472

SHO 0.205563 3.474846 9.035799 0.205811 1.725661

GA 0.164171 4.032541 10.00000 0.223647 1.87397

aDE 0.184288 3.26641 8.24133 0.204585 1.70541

aPSO 0.184288 3.26641 8.24133 0.204585 1.70845

haDEPSO 0.184288 3.26641 8.24133 0.204585 1.69782

Table 6 Comparative results for welded beam design problem

Algorithms Best Worst Mean std

SCA 2.3854 6.3996 3.2551 0.9590

SBM 2.4426 2.6315 2.5215 0.022184

FSA 2.3811 2.4889 2.4041 0.032194

DA 1.70808 1.94076 2.52106 0.250234

EO 1.724853 1.736725 1.726482 0.003257

CS 1.7312065 1.8786560 2.3455793 0.2677989

CDE 1.7335 1.824105 1.768158 0.022194

IPSO 2.3810 2.3110 2.3819 0.00523

CPSO 1.7280 1.782143 1.748831 0.012926

ABC 1.724852 1.734852 1.741913 0.031

EPO 1.723589 1.727211 1.725124 0.004325

GWO 1.726995 1.727128 1.727564 0.001157

PSO 1.820395 3.048231 2.230310 0.324525

MVO 1.725472 1.741651 1.729680 0.004866

SHO 1.725661 1.726064 1.725828 0.000287

GA 1.873971 2.320125 2.119240 0.034820

aDE 1.70541 1.72874 1.72625 0.000284

aPSO 1.70845 1.72698 1.71542 0.000354

haDEPSO 1.69782 1.72584 1.72421 0.000132
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(v) Tension/compression spring design (T/CSD) problem

It minimizes the weight of the tension/compression spring, subject to constraints on 
the minimum deflection, shear stress, surge frequency, limits on outside diameter and 
on design variables. The design variables are wire diameter d(x1) , mean coil diameter 
D(x2) and number of active coils P(x3) . The schematic diagram of this problem is pre-
sented in Fig. 9, and it can be formulated as follows.

minimize f (x) = (x3 + 2)x2x
2
1

Table 7 Optimum results for three-bar truss design problem

Algorithms Optimal values for variables Optimal cost

A1(x1) A2(x2)

PSO 7.803e−01 4.330e−01 2.640e+02

DE 7.887e−01 4.080e−01 2.639e+02

CS 7.357e−01 5.945e−01 2.639e+02

CSDE 7.886e−01 4.082e−01 2.639e+02

KH 7.885e−01 4.088e−01 2.619e+02

PSO-OPS 7.886e−01 4.082e−01 2.620e+02

MBA 7.886e−01 4.086e−01 2.649e+02

SAC 0.7886210370 0.4084013340 263.8958466

DSS-MDE 0.7886751359 0.4082482868 263.8958434

GSA-GA 0.788676171219 0.408245358456 263.8958433

aDE 0.788526 0.408452 261.2654

aPSO 0.788526 0.408452 262.8536

haDEPSO 0.788526 0.408452 261.1438

Table 8 Comparative results for three-bar truss design problem

Algorithms Best Worst Mean std

PSO 264.543754826635 2.70864524844245e+05 264.775374387455 1.85577512704186e+00

DE 263.148352624688 65,535 263.411272728312 1.05476883610644e−01

CS 263.602007628033 5.23525611223402e+12 263.671445662651 1.63380787023616e−02

CSDE 263.148352124271 65,535 263.148352318831 1.44060040776154e−08

KH 2.639e+02 2.650e+02 2.639e+02 1.658e−01

MBA 2.639e+02 2.639e+02 2.639e+02 3.930e−03

PSO-OPS 2.639e+02 2.639e+02 2.639e+02 1.354e−03

SACA 263.8958466 263.96975 263.9033 1.26e−02

DSS-MDE 263.8958434 263.8958498 263.8958436 9.72e−07

GSA-GA 263.8958433 263.8958459 263.8958437 5.34e−07

aDE 261.2654 262.7845 262.2541 1.0358e−08

aPSO 262.8536 263.5497 263.2154 1.2458e−08

haDEPSO 261.1438 262.9796 262.5782 2.5142e−09
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Table 9 Optimum results for pressure vessel design problem

Algorithms Optimal values for variables Optimal cost

Ts ( x1) Th(x2) R(x3) L(x4)

PSO 0.8125 0.4375 42.091266 176.7465 6061.0777

DE 0.8125 0.4375 42.098411 176.637690 6059.7340

ACO 0.8125 0.4375 42.103624 176.572656 6059.0888

ABC 0.812500 0.437500 42.098446 176.636596 6059.714339

GWO 0.8125 0.4345 42.089181 176.75731 6051.5639

DA 0.782825 0.384649 40.3196 200 5923.11

GA 0.752362 0.399540 40.452514 198.00268 5890.3279

HS 1.099523 0.906579 44.456397 179.65887 6550.0230

CS 0.812500 0.437500 42.0984456 176.6363595 6059.7143348

EO 0.7781 0.3846 40.319619 199.99999 5885.3279

CDE 0.8125 0.4375 42.098411 176.63769 6059.7340

CSDE 0.8125 0.4375 42.10 176.6 6060.0000

CPSO 0.8125 0.4375 42.091266 176.746500 6061.0777

IPSO 0.812500 0.437500 42.098445 176.6365950 6059.7143

CSKH 0.7781686 0.3846491 40.3196187 200.0000 6059.7010

aDE 0.8125 0.4375 40.32962 179.85887 5885.3279

aPSO 0.8125 0.4375 40.31962 179.85887 5885.3079

haDEPSO 0.8125 0.4375 40.31962 179.65887 5882.4387

Table 10 Comparative results for pressure vessel design problem

Algorithms Best Worst Mean std

PSO 5891.3879 6531.5032 7394.5879 534.119

DE 6074.6231 6751.5312 6619.0083 358.799

ACO 6014.6231 6651.5312 6219.0083 423.524

ABC 6059.714339 6650.5102 6245.308144 205.000

GWO 5889.3689 5894.6238 5891.5247 013.910

DA 5923.11 222,536 21,342.2 470.44

GA 5890.3279 7005.7500 6264.0053 496.128

HS 6550.0230 8005.4397 6643.9870 657.523

CS 6059.714 6495.3470 6447.7360 502.693

EO 6059.7143 6668.114 7544.4925 566.24

CDE 6059.7340 6085.2303 6371.0455 43.0130

CSDE 6059.7133 1.528E+22 6261.4178 263.6758

CPSO 6061.0777 6147.1332 6363.8041 86.4545

IPSO 6059.7143 6251.5312 6289.92881 305.78

CSKH 5885.332773 5885.486467 5885.382053 0.049080

aDE 5883.3279 5884.7850 5883.7344 0.013023

aPSO 5885.3079 5885.8661 5885.4343 0.910214

haDEPSO 5882.4387 5882.8342 5882.6875 0.011289
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where 0.05 ≤ xl ≤ 2.00, 0.25 ≤ x2 ≤ 1.30,2.00 ≤ x3 ≤ 15.00.

subject to:

g1(x) = 1−
(

x32x3/71785x
4
1

)

≤ 0,

g2(x) =
(

4x22 − x1x2/12566
(

x2x
3
1 − x41

))

+
(

1/5108x21

)

− 1 ≤ 0,

g3(x) =
(

1−
(

40.45x1/x
2
2x3

))

≤ 0, g4(x) = ((x2 + x1)/1.5)− 1) ≤ 0

Table 11 Optimum results for speed reducer design problem

Algorithms Optimal values for variables Optimal cost

b m p ll l2 d1 d2

EPO 3.50123 0.7 17 7.3 7.8 3.33421 5.26536 2994.2472

SHO 3.50159 0.7 17 7.3 7.8 3.35127 5.28874 2998.5507

PSO 3.500019 0.7 17 8.3 7.8 3.352412 5.286715 3005.763

MVO 3.508502 0.7 17 7.3 7.8 3.358073 5.286777 3002.928

SCA 3.508755 0.7 17 7.3 7.8 3.461020 5.289213 3030.563

GSA 3.600000 0.7 17 8.3 7.8 3.369658 5.289224 3051.120

GA 3.510253 0.7 17 8.35 7.8 3.362201 5.287723 3067.561

HS 3.520124 0.7 17 8.37 7.8 3.366970 5.288719 3029.002

GWO 3.506690 0.7 17 7.380933 7.815726 3.357847 5.286768 3001.288

AFA 3.500 0.700 0.700e+00 7.3027 7.8007 3.350 5.287 3027.354

MBA [32] 3.500 0.700 0.700e+00 7.3007 7.716 3.350 5.287 3077.426

CS 3.501 0.700 0.700e+00 7.6057 7.818 3.352 5.287 3052.128

KH 3.500 0.700 0.700e+00 7.3667 7.823 3.350 5.287 3029.543

aDE 3.500 0.7 17 7.3809 7.8 3.350 5.289 2992.1242

aPSO 3.500 0.7 17 7.3809 7.8 3.350 5.289 2994.2442

haDEPSO 3.500 0.7 17 7.3809 7.8 3.350 5.289 2990.3582

Table 12 Comparative results for speed reducer design problem

Algorithms Best Worst Mean std

EPO 2994.2472 2999.092 2997.482 1.78091

SHO 2998.5507 3003.889 2999.640 1.93193

PSO 3005.763 3211.174 3105.252 79.6381

HS 3029.002 3619.465 3295.329 57.0235

GA 3067.561 3313.199 3186.523 17.1186

GSA 3051.120 3363.873 3170.334 92.5726

SCA 3030.563 3104.779 3065.917 18.0742

MVO 3002.928 3060.958 3028.841 13.0186

GWO 3001.288 3008.752 3005.845 5.83794

AFA 2.996e+03 2.997e+03 2.996e+03 9.000e−02
MBA 2.994e+03 3.000e+03 2.997e+03 1.560e+00

CS 3.001e+03 3.009e+03 3.007e+03 4.968e+00

KH 2.997e+03 3.011e+03 3.006e+03 2.638e+00

aDE 2991.1242 2992.1114 2991.8756 0.01991

aPSO 2994.2442 2995.8574 2995.2347 0.08791

haDEPSO 2990.3582 2993.2145 2992.5481 0.01693



Page 27 of 43Verma and Parouha  Journal of Electrical Systems and Inf Technol            (2021) 8:10  

The results of the proposed hybrid haDEPSO and its suggested component algorithms 
aDE and aPSO algorithm on five small-scale engineering design optimization problems 
are compared with PSO [2], ABC [3], GWO [4], CS [6], DA [7], KH [8], DE [9], GA 
[10], GSA [11], EO [12], HS [13], WCA [14], MBA [16], CDE [19], modified DE [20], 

Table 13 Optimum results for tension/compression spring design problem

Algorithms Optimal values for variables Optimal cost

d(x1) D(x2) N(x3)

GSA 0.050276 0.323680 13.525410 0.012702

CPSO 0.051728 0.357644 11.244543 0.012674

CDE 0.051609 0.354714 11.410831 0.012670

SCA 0.052160 368,159 10.648442 0.012669

EO 0.0516199100 0.355054381 11.387967 0.012666

PSOSCANMS 0.05072 0.334801 10.79431 0.012475

PSO 0.051728 0.357644 11.244543 0.0126747

HS 0.051154 0.349871 12.076432 0.0126706

DE 0.051609 0.354714 11.410831 0.0126702

AFA 5.167E−02 3.562E−01 1.132E+01 0.012624

GWO 0.05169 0.356737 11.28885 0.012666

WCA 0.0517208702 0.3579276279 11.1912042488 0.012630231

Modified DE 0.051688 0.356692 11.290483 0.012665

QPSO 0.051515 0.352529 11.538862 0.012665

SHO 0.051144 0.343751 12.0955 0.012674000

HS 0.05025 0.316351 15.23960 0.012776352

EPO 0.051087 0.342908 12.0898 0.012656987

aDE 0.05012 0.328431 11.49631 0.012552

aPSO 0.05012 0.328431 11.49631 0.012568

haDEPSO 0.05012 0.328431 11.49631 0.012475

Table 14 Comparative results for tension/compression spring design problem

Algorithms Best Worst Mean std

GSA 0.012873881 0.014211731 0.013438871 0.000287

SCA 0.012669 0.016717 0.012922 5.92e−04

EO 0.012666 0.013997 0.013017 3.91e−04

CPSO 0.012674 0.012924 0.012730 5.19e−05

DE 0.012693 0.020034 0.012744 3.680e−05

PSO 0.016508 0.015234 0.049161 4.027e−04

AFA 0.012670 0.012710 0.012680 1.281e−05

GWO 0.012666 0.012654 0.012741 1.281e−05

WCA 0.012630231 0.017722009 0.013388089 1.0864e−03

QPSO 0.012665 0.017759 0.013524 1.268e−03

Modified DE 0.012665 0.012654 0.012666 2.0e−06

SHO 0.012674000 0.012715185 0.012684106 0.000027

HS 0.012776352 0.015214230 0.013069872 0.000375

EPO 0.012656987 0.012667902 0.012678903 0.001021

aDE 0.012552 0.012755 0.012654 2.02e−06

aPSO 0.012568 0.012689 0.012645 2.12e−06

haDEPSO 0.012475 0.012652 0.012564 1.12e−06
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DSS-MDE [21], CPSO [24], IPSO [25], QPSO [26], PSO-OPS [27], CSDE [36], PSOS-
CANMS [37], ACO [43], CSKH [44], SCA [45], SBM [46], FSA [47], EPO [48], MVO 
[49], SHO [50], AFA [51], SAC [52] and GSA-GA [53]. For fair comparison population 
size (30), stopping criteria (1500 iterations) and independent run (25) of proposed algo-
rithms are taken same as comparative algorithms. The results of the comparative algo-
rithms are taken from the original references, rest parameter of proposed algorithms as 
same as above. The optimal and comparative results of proposed algorithms with oth-
ers on respective small-scale engineering design optimization problems are presented in 
Tables 5 and 6 (for WBD), Tables 7 and 8 (for TRD), Tables 9 and 10 (for PVD), Tables 11 
and 12 (for SRD) and Tables 13 and 14 (for T/CSD).

As delineated in these tables, the produced optimal cost by proposed algorithms are 
summarized as follows for all five problems: (i) proposed aDE for WBD, TRD, PVD, SRD 
and T/CSD are 1.70541, 261.2654, 5885.3279, 2992.1242 and 0.012552, respectively, (ii) 
proposed aPSO for WBD, TRD, PVD, SRD and T/CSD are 1.70845, 262.8536, 5885.3079, 
2994.2442 and 0.012568, respectively, and (iii) proposed haDEPSO for WBD, TRD, PVD, 
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Fig. 10 Convergence graph for small-scale engineering design optimization problems
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SRD and T/CSD are 1.69782, 261.1438, 5882.4387, 2990.3582 and 0.012475, respectively. 
Further, it can be concluded that the proposed algorithm outperformed and achieves 
the result with better best, worst, mean than other comparative algorithms. Moreover, 
securing less std. produced by proposed aDE, aPSO and haDEPSO in all five problems 
describe their stability. Therefore, the proposed algorithm shows superior and competi-
tive performance to other algorithms in all considered small-scale engineering problems.

The convergence graphs of all proposed and best non-proposed algorithm (to avoid 
complicacy) is plotted for all small-scale engineering design optimization problems and 
presented in Fig. 10a–e. From these figures, it can be clearly visualized that proposed 
algorithms converge faster than others. Hence, proposed algorithms are computationally 
efficient.

In general, from the all above result analysis it can be declared that proposed aDE, 
aPSO and haDEPSO are performing better and/or equally with others. However, among 
three proposed algorithms haDEPSO has larger competence.

Large‑scale engineering design optimization problem: Economic load dispatch (ELD) 

problem with or without valve‑point effects

Objective function of ELD problem with succeeding constraints can be represented as 
follows.

where F  : total fuel cost, n : number of generating unit, Fi(Pi) : operating fuel cost (real 
power output) and ai, bi&ci : cost coefficient of generating unit i . And Pmin

i  : minimum 
generation limit of unit i.

Constraints.

• Generator constraint: Pmin
i ≤ Pi ≤ Pmax

i  , where Pmin
i  and Pmax

i  : minimum and maxi-
mum power generation by unit i.

• Power balance constraint: 
∑n

i=1 Pi = D + PL , with 
PL =

∑n
i=1

∑n
j=1 PiBijPj +

∑n
i=1 PiBoi + Boo , where D : total load demand, PL : total 

transmission line loss and Bij,Boi,Boo : transmission loss coefficient.
• Prohibited operating zone constraint: Pmin

i ≤ Pi ≤ Pl
i,1 : Pu

i,k−1 ≤ Pi ≤ Pl
i,k :  

Pu
i,ni

≤ Pi ≤ Pmax
i  ; k = 2, 3, . . . ni where ni : number of prohibited operating zone and 

Pl
i,k and Pu

i,k : lower and upper limit of k th prohibited zone of generating unit i.
• Ramp rate limit constraint: max

(

Pmin
i ,Pt−1

i − DRi

)

≤ Pt
i ≤ min

(

Pmax
i ,Pt−1

i + URi

)

 , 

where Pt
i  and Pt−1

i  current and previous output power and URi and DRi : up and 
down ramp limit of generating unit i.

In the next section, ELD problem is solved with and without valve-point loading 
effects using below considered 3-, 6-, 15-, 40- and 140-unit test system (TSys) and the 
results are compared state-of-the-art algorithms.

minimize F =
n

∑

i=1

Fi(Pi) =
n

∑

i=1

aiP
2
i + biPi + ci + α

∣

∣

∣eisin
(

fi

(

Pmin
i − Pi

))∣

∣

∣
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Test systems Description

TSys-1 (3-unit test system) [54] It involves valve-point effects with 850 MW total demand

TSys-2 (6-unit test system) [55] It consists of transmission losses, ramp-rate limit and prohibited operating 
zone constraints with 1263 MW total demand

TSys-3 (15-unit test system) [55] It comprises ramp-rate limits and prohibited operating zone constraints with 
2630 MW total demand

TSys-4 (40-unit test system) [54] It implicates valve-point effects with 10,500 MW total demand

TSys-5 (140-unit test system) [56] It consists of ramp-rate limits, valve-point loading effects and prohibited 
operating zone constraints with 49,342 MW total demand

The results produced by proposed algorithms on above considered different test 
systems of ELD problem are compared with other state-of-the-art algorithms. These 
compared algorithms are listed as follows: PSO [2], DE [9], GA [10], MTVPSO [28], 
IPSO [29], MPSO-TVAC [30], IPSO-TVAC [31], θ-PSO [32], MPSO [33], DEPSO 
[38], DPD [39], THS [57], MGSO [58], EHM [59], BCO [60], NCS [61], IABC [62] and 

a    TSys-1 (3-unit) b    TSys-2 (6-unit)

c  TSys-3 (15-unit) d   TSys -4 (40-unit)

e TSys-5 (140-unit)
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Fig. 11 Cost convergence characteristic for different test systems of ELD problem
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DHS [63]. In order to check the efficiency of the proposed algorithms aDE, aPSO and 
haDEPSO, least values of population size (30), maximum number of iterations (1000) 
and independent runs (30) have been considered among compared algorithms.

The comparative simulation results of proposed and compared algorithms for TSys-1, 
TSys-2, TSys-3, TSys-4 and TSys-5 are reported in Tables 15, 16, 17, 18 and 19, respec-
tively, over 30 runs.

As reported in these tables, the global optimal cost produced by- (i) proposed aDE 
for TSys-1, TSys-2, TSys-3, TSys-4 and TSys-5 are 8234.0719 ($/h), 15,441.3561 ($/h), 
32,542.7820 ($/h), 121,405.7384 ($/h) and 1,560,436.76 ($/h), respectively, (ii) proposed 
aPSO for TSys-1, TSys-2, TSys-3, TSys-4 and TSys-5 are 8234.0721 ($/h), 15,441.8451 
($/h), 32,542.4512 ($/h), 121,404.5378 ($/h) and 1,560,435.88 ($/h), respectively, and (iii) 
proposed haDEPSO for TSys-1, TSys-2, TSys-3, TSys-4 and TSys-5 are 8234.0717 ($/h), 
15,440.1288 ($/h), 32,542.1452 ($/h), 121,403.5454 ($/h) and 1,560,434.54 ($/h), respec-
tively. These reported cost results for all test systems show that the proposed algorithms 
succeed in finding the best solution in comparison with other algorithms. Furthermore, 
the mean and maximum fuel cost together with standard deviation and CPU mean time 
for each test systems are also recorded in the same tables. Also, it can be seen from these 
tables that proposed algorithms surpassed all other comparative algorithms by providing 
the best result with regard to minimum, mean and maximum cost. It is noteworthy that 
the proposed algorithms can still yield better solutions with low standard deviations and 
acceptable CPU time. It signifies that the proposed algorithm has stronger convergence 
with higher stability and reliability/robustness compared to other existing algorithms.

The convergence curves of proposed with compared algorithms are plotted in 
Fig. 11a–e for TSys-1, TSys-2, TSys-3, TSys-4 and TSys-5 of ELD problem in terms of 
fuel cost and iterations. This figure shows that proposed algorithms aDE, aPSO and 
haDEPSO have more robust convergence where the results improved as the iterations 
increased.

Conclusion
In this study, an advanced hybrid algorithm haDEPSO proposed for solving small- and 
large-scale engineering design optimization problems, where an advanced DE (aDE) and 
PSO (aPSO) are integrating in suggested hybrid. The brief summary of these proposed 
algorithms is given as follows.

 (i) An advanced hybrid algorithm (haDEPSO) has been established by combining aDE 
and aPSO. It is based on multi-swarm approach where the population of one is 
merged with other in a pre-defined manner which yields guaranteed convergence 
and diversifying the solutions.

 (ii) To enhance performance and easily adjust the control parameters of DE, an 
advanced DE (aDE) is developed. The novel mutation strategy, crossover probabil-
ity and altered selection schemes of aDE will guarantee high and low population 
diversity at start and end of the algorithm, respectively.

 (iii) To avoid particles stagnant, an advanced PSO (aPSO) is proposed which consists of 
novel gradually varying (decreasing and/or increasing) parameters. These control 
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parameters can well-balance the exploration and exploitation capabilities and pro-
motes the particles to search high-quality solution of aPSO.

The effectiveness of the proposed hybrid haDEPSO and its suggested component 
algorithms aDE and aPSO algorithm are tested on 23 unconstrained benchmark func-
tions, then applied on five well-known small engineering design optimization prob-
lems, namely welded beam design (WBD), three-bar truss design (TRD), pressure 
vessel design (PVD), speed reducer design (SRD) and tension/compression spring 
design (T/CSD) problem and one large-scale engineering design optimization prob-
lem, viz., economic load dispatch (ELD) having five different test systems (3-, 6-, 15-, 
40-, 140-unit). The numerical, statistical and graphical analyses of the proposed algo-
rithms are compared against the state-of-the-art algorithms. The comparative results 
shape that the proposed algorithms become more robust and effective to solve com-
plex engineering design optimization problems. Thus, it is conclusive that the pro-
posed algorithms can be treated as a vital alterative in the field of MAs. Moreover, in 
the view of feasibilities, superiorities and solution optimality, among all and suggested 
algorithms haDEPSO outperformed.

In addition, the proposed algorithms have higher time complexity compared to 
some DE, PSO and hybrid variants. The main reason of time-consuming of proposed 
algorithms is the matrix operation execution. This operation is repeated per individu-
als in each iteration and increases the running time of the algorithm to some extent. 
Moreover, the proposed algorithms may not suitable for all engineering design opti-
mization problems as others. As a part of our future work, some novel parameters 
will be designed for the proposed aDE, aPSO and haDEPSO in the hope of finding 
more accurate solutions and reduce the time complexity. Additionally, effectiveness of 
the proposed algorithms can be tested by some more complicated real-world applica-
tions and new MAs will be developed in future. Finally, this paper is expected more 
attention to the analysis of how to strengthen the robustness of the proposed algo-
rithms for complex optimization problems.
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