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Introduction
Electrostatic sensors and actuators are fabricated using the technology that is estab-
lished for manufacturing microelectronics but with the addition of new technologies 
established exclusively for MEMS [1]. Additionally, they are one of the core themes of 
MEMS growth. The adoption of the electrostatic actuation with IC fabrication technolo-
gies is the most important reason for its commercial success. The electrostatic actuation 
is usually used to force defection in micro and nano-structures since the electrostatic 
force possesses excellent scaling characteristics in the nano- and micro-scale. Electro-
static actuators can easily be miniaturized since the electrostatic force between the two 
plates depends on the applied voltage, the gap distance and the plate area, but not on the 
plate thickness or volume. As opposed to the magnetic force which is a body force as it 
depends on both the area and thickness of an element, the electrostatic force is known 
as the surface force as it depends on the area. The fact that the electrostatic force only 
depends on the opposing surfaces and the distance between them, makes it well-suited 
for the micro-world.
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The parallel plate electrostatic actuator is a major section in many electrostatic micro-
systems. The parallel plate actuator has diverse applications as it’s used in switches, 
variable capacitors, optical fibers and ultrasonic transceivers. In several MEMS devices, 
elastic flexures enable relative motion between different parts of the system. These flex-
ures are designed to have a high rigidity in all directions in which motion is to be denied, 
and a lower rigidity in the directions in which motion is desired. The simple capacitor 
is a pair of plates separated by a gap which contains an insulating material. The parallel 
plate actuator is a parallel plate capacitor with one movable plate and one fixed plate. 
Due to the opposite charges on the two plates, there is a force of attraction between 
the plates. In fixed-plate electrical capacitors, the electrostatic force between the two 
plates is not considered but it always exists whenever the capacitor is charged. Once one 
plate is free to move, the presence of this electrostatic force turns to be vital. Without 
some mechanical support providing an equal and opposite force on the upper plate, the 
two plates would crash on each other. The significant drawback of such actuators is the 
nonlinear deflection of the movable electrode within the gap which leads to the pull-in 
phenomenon and limits the stable travel range.

Pull-in phenomenon in electrostatic actuators is a discontinuity which occurs due to 
the interaction between the mechanical and electrostatic forces. The mechanical force 
increases linearly with the defection as opposed to the electrostatic force which grows 
inversely proportional to the square of the distance [2]. When the voltage is increased, 
the displacement increases until it reaches a certain point. Beyond this point, the elec-
trostatic force surpasses the elastic force and the system cannot reach a balance point 
thus the top electrode collapses onto the bottom electrode. This point is named as pull-
in limit and the critical voltage is called the pull-in voltage. The pull-in instability is an 
undesired effect when a large stable travel range is required as reported in [1–3]. How-
ever, it may be a beneficial effect when a rapid transition between two states is required. 
The pull-in voltage is the key regarding the design of many MEMS sensors and switches 
which makes calculating its value precisely a very important step in the design process of 
electrostatic sensors or actuators.

The main electric field which is perpendicular to the two plates is the only field con-
sidered in the most common formula to calculate the capacitance of the parallel plate 
actuators as in Eq. (1).

where W and L are the width and the length of plates, respectively, d stands for the 
separation distance, and ε is the permittivity in the gap. This formula results in a sim-
ple model of the parallel plate actuators neglecting the fringe field which is the bending 
of the electric flux lines near the edge of the parallel plates. However, this is not 100% 
precise when the gap size is comparable to the width and length of the capacitor and 
the exact value must be computed to calculate the pull-in voltage accurately as previ-
ously explained. The exact value of the capacitance of parallel plate actuator cannot be 
found in a closed-form as in Eq. (1). However, with Passion equation and proper bound-
ary conditions, it can only be calculated by numerical methods. At certain conditions, 

(1)C =
εoεrWL

d
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an approximation for the value of the capacitance can be deduced [4]. Many analytical 
formulae have been reached to approximate the value of the capacitance considering the 
fringe field such as Palmer assuming zero thickness for the plates and Elliot [5]. The for-
mula to calculate the fringing capacitance according to Palmer exhibits small error when 
the micro gap is large but it’s the exact same value computed by the simulation programs 
when the gap is very small. This formula depends on the gap width, plate width, and 
length as shown in Eq. (2), where A is the plate area, d is the gap distance, w is the width 
of the plate and L is the plate length.

On the other hand, there are plenty of formulae that consider the finite and actual thick-
ness of the plates. Min-hang Bao Peter in [4] proposed a formula that calculates the 
overall capacitance Coverall and takes the thickness of the plates into consideration where 
β is a correction factor for the normal capacitance Cnormal as in Eq. (3).

where z is the gap between the plates, w is the plate width and hp is the plate thickness. 
The electrostatic force value at the same voltage has now increased as the capacitance at 
the same voltage increased and the new value of electrostatic force is now computed as:

Meijs and Fokkema in [6] suggest another formula to calculate the fringe capacitance per 
unit length but also at certain conditions such as a minimum width/gap ratio of 0.3 and a 
maximum thickness/gap ratio of 10 to avoid large error percentage, where b, h and g are 
the plate width, plate thickness and the gap between the plates, respectively.

Leus and Elata in [7] compare between all the formulae that assume the zero thickness 
and the others that take the thickness into consideration along with their conditions. 
Reference [8] proposes a model to calculate the pull-in voltage of the parallel plate actua-
tor, but they don’t consider the fringe field effect between the upper and lower plate. 
Reference [9] models the fringe field as a variable serial capacitor in order to consider 
the fringe electric field. Reference [10] considers the fringe effect and modifies the con-
ventional equations to better estimate the capacitance and the electrostatic force of 
the driven structures. Consequently, there are many equations that could calculate the 
capacitance considering the fringe effect but each one has conditions to be able to use 
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it such as limits on the design parameters of the actuator and the error percentage each 
one has when computing the total capacitance.

On the other hand, many publications have concentrated on how to simulate the value 
of the pull-in voltage using ANSYS software. Reference [11] compared the values of the 
static and dynamic pull-in voltage calculated by MATLAB simulation and ANSYS simu-
lation with and without considering squeeze damping effect. Reference [12] used ANSYS 
software to simulate the single-beam and double-beam actuators. They used element 
(TRANS126) to model the electrostatic coupling between the beam and the ground elec-
trode. TRANS126 element represented a conversion coupling unit that converts energy 
from the electrostatic field to a structural field.

Pradeep Chawda in [13] has presented a simplified equivalent circuit model for the 
parallel plate actuator. The actuator is modeled in the electrical domain due to the recent 
integration of actuators with microelectronics. The model has proved its correctness in 
reaching a system-level simulation for the actuator and the peripheral electronics. In addi-
tion, the model describes the dynamic behavior of the parallel plate actuator once being 
energized by voltage. Compared to other models of parallel plate actuators that don’t take 
the peripheral electronics into consideration, this model is fast and very accurate regarding 
the system-level simulation. It also gives an opportunity to design and optimize the perfor-
mance of the complete system.

In order to overcome the instability problem of the parallel plate actuator, many control 
systems have been proposed. These control systems increase the stable motion of the par-
allel plate actuator and get benefit of most of the gap distance between the plates [14–16]. 
Reference [14] proposed a nonlinear feedback control to enhance the stable motion of the 
movable electrode. The nonlinear feedback control linearizes the system and hence extends 
the stable range of motion. This control system is great when the application of the paral-
lel plate actuator needs most of the range between the plates as the case of driving micro-
mirrors by parallel plate actuators. However, this instability issue could be a key for using 
the actuator as a switch that has two different states; state before the pull-in and state after 
pull-in. This exactly what has been done by [8] to reach a binary gas sensor benefiting from 
the instability issue of the parallel plate actuator.

The present work reviews the static analysis for the parallel plate actuator and introduces 
a new flexible model for it. The proposed model uses MATLAB Simulink to reach a pre-
cise value for that critical voltage by considering the fringe field effect. The proposed model 
will be tested against three different designs with different dimensions to show its effective-
ness. Then, the results obtained from the proposed model will be compared with the results 
of a finite element tool (ANSYS software) with and without considering the fringe field. 
Finally, a parallel plate actuator fabricated by PolyMUMPs is practically tested and its static 
pull-in voltage is measured. Then, the results will be compared to the results computed by 
ANSYS. The actuator used in the experiment is fabricated using PolyMUMPS offered from 
MEMSCAP, USA, and it’s ready to be actuated by DC voltage after it has been successfully 
wire-bonded.
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The parallel plate actuator model
The parallel plate actuator is under two forces, the electrostatic force caused by the 
attraction between the plates and the mechanical force caused by the cantilever as 
shown in the schematic in Fig. 1. The position of the upper plate is determined by the 
net force between the electrostatic and mechanical forces. The equation of the actuator 
in standard form as a second-order system is

where m is the mass of the movable plate, b is the squeeze damping coefficient,x is the 
displacement of the movable plate, k is the cantilever stiffness and Fe is the electrostatic 
force. Regarding the static condition, both ẍ and ẋ are equal to zero. Then the static pull-
in voltage of the parallel plate actuator without the fringe effect is calculated by Eq. (7) 
[4], where d is the gap distance, k is the stiffness and A is the plate area.

A mathematical model is proposed in [8] in which the displacement at any DC applied 
voltage could be easily calculated. Assuming the applied voltage is DC voltage, the dis-
placement of the plate is

where x is the movable plate displacement, Lc is the ratio between the distance from the 
cantilever’s end to the center of mass of the plate and the cantilever length, d is the initial 
gap of the actuator and A and B are constants calculated at each voltage value by solving 
the nonlinear Eqs. (9) and (10)

(6)mẍ + bẋ + kx = Fe

(7)Vpull - in =

√

8d3k

27εoεrA

(8)x = d[A+ B+ Lc(3A+ 2B)]

(9)

6A+2B = MpLc+
αV 2

(3A+ 2B)2

[

2Lc(3A+ 2B)

1− A− B− 2Lc(3A+ 2B)
− ln

1− A− B

1− A− B− 2Lc(3A+ 2B)

]

Fig. 1 The schematic of the parallel plate actuator
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where α and Mp are constants and calculated as shown in Eqs. (11) and (12) and V is the 
applied voltage.

where bp is the plate width, L is the cantilever length, E is Young’s modulus, I is the 
moment of area, d is the initial gap, mp is the plate mass and g is the gravity force. A and 
B then could be calculated at any voltage and the corresponding displacement is calcu-
lated by Eq. (8). Using this model, the static pull-in voltage considering the total stiffness 
of the cantilever could be easily computed along with the value of the total stiffness at 
any applied voltage.

The proposed model
The proposed model shown in Fig. 2 is defined by Eq.  (6). The model calculates the 
electrostatic force Fe based on calculating the additional fringe capacitance in addi-
tion to the normal one. Calculating the capacitance of the parallel plate actuators 
is a vital step in designing MEMS. The main electric field which is perpendicular to 
the two electrodes is the only field considered in the most common formula to cal-
culate the capacitance of the parallel plate actuators. However, this formula results 
in a simple model of the parallel plate capacitor since the effect of the fringe field is 

(10)6A = −Mp −
2αV 2

(3A+ 2B)

Lc(3A+ 2B)

(1− A− B)(1− A− B− 2Lc(3A+ 2B))

(11)α =
εbpL

4

2EId3

(12)Mp =
mpgL3

EId

Fig. 2 Parallel plate actuator Simulink model
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neglected. Meanwhile, this fringing field adds value to the total capacitance and in 
case of MEMS parallel plate actuator; it also boosts the value of electrostatic force.

According to the equations in Sect. 1, it’s clear that each equation that calculates the 
total capacitance has its own limits to reduce the error of the result. These limits should 
be considered and compared to the dimensions of the actuator to decide which one 
will be used to calculate the pull-in voltage considering fringe field and here comes the 
advantage of the proposed model. The proposed model as shown in Fig.  2 has a part 
called “Electrostatic Force Calculation”. In that part, any equation from the above equa-
tions could be used to calculate the total capacitance depending on the dimensions of 
the actuator. Consequently, whatever the dimensions of the actuator are, the proposed 
model could be used to calculate the static pull-in voltage precisely including fringe field 
capacitance.

Simulation results
In this section, actuator ‘1’ in Table 1 will be analyzed step by step until the final and 
actual pull-in voltage is reached. The new model here applies Eq.  (5) to calculate the 
fringe field capacitance since the dimensions of the actuator understudy match the con-
straints stated above. Then, the results are verified by ANSYS with and without consid-
ering the fringe field. The dimensions are listed in Table 1 in µm. These actuators are 
made of poly-silicon whose Young’s modulus is 160 GPa and its density is 2300 kg/m3.

1. The static pull-in voltage is calculated using MATLAB Simulink. Figure 3 describes 
the dynamic behavior of the actuator at different voltages. The pull-in voltage value 
computed by this Simulink matches the one calculated by Eq. (7) which is 9.62 volts. 
The actuator’s stiffness in this step is calculated by Eq. (13), where E is Young’s modu-
lus, b is the width of the cantilever, h is the cantilever’s thickness and L is the length 
of the cantilever.

2. The model in [8] considers the electrostatic stiffness which has not been accounted 
in the static analysis. This model is applied and the displacement of the moving plate 
(x) is calculated at every voltage (V). Also, the static pull-in voltage is calculated.

(13)k =
Ebh3

4L3

Table 1 Dimensions of three different actuators

Dimensions Actuator 1 Actuator 2 Actuator 3

d 4 3 2.15

L 250 180 124

b 5 8 10

h 1.5 1.4 1.3

hp 1.5 1.4 1.3

bp 20 55 60

Lp 50 25 30
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3. The fringe field effect is considered in the proposed model and calculated using 
Eq.  (5). In addition, the total stiffness at all the applied voltages is calculated using 
Eq. (6) where both ẍ and ẋ are equal to zero and substituting with the value of the 
electrostatic force. Thus, the total stiffness which takes the electrostatic stiffness into 
consideration is calculated as in Eq. (14), where A is the plate area, V is the applied 
voltage, x is the displacement of the movable plate and d is the initial distance 
between the movable and fixed plate.

Then in this model, the stiffness is changed to the corresponding voltage value. Fig-
ure 4 shows the electrostatic force at the same voltage (8.18 volts) but with and with-
out considering the fringe field. It’s noted that despite both forces are calculated at the 
same voltage but the model that considers the fringe effect expresses higher capacitance 
and consequently higher electrostatic force. This is the reason why the pull-in voltage 

(14)k =
εoεrAV

2

2x(d − x)2

Fig. 3 Actuator behavior at different voltages

Fig. 4 Force at 8.18 V with and without considering fringe effect
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is lower than that calculated by [8] because the moving plate is now reaching the same 
point but with lower voltage.

Then, the actuator is simulated by ANSYS with and without considering the fringe 
field and the value of pull-in voltage is compared to the values of the model reported 
in [8] and the proposed model. In ANSYS, the element of the actuator’s structure is 
SOLID186 and the gap between the plates used SOLID226 as the coupling field element. 
SOLID123 tetrahedral element models the air surrounding the actuator by extending 
that element beyond the boundaries of the actuator to simulate the effect of the fringe 
field. Table 2 summarizes the results obtained from the proposed model, the model in 
[8] and ANSYS for actuator ‘1′.

Table 3 shows the pull-in voltage with and without considering the fringe effect for the 
three actuators in Table 1. In addition, the value of capacitance at the same voltage with 
and without considering the fringe field is shown in Table 4.

Experimental results
In this section, the pull-in voltage of a parallel plate actuator is tested. The actuator con-
sists of two plates and the upper plate is linked to two separated beams at the far end of 
the upper plate to increase the torsional stiffness. The chip is fabricated by PolyMUMPs 
and the actuator is wire-bonded and ready to be actuated by DC voltage. The actuator 
is shown in Fig. 5 and the designed dimensions for the actuator are shown in Table 5 in 
µm.

Table 2 Comparison between MATLAB and ANSYS results with and without fringe field

Condition Pull-in voltage value

Primary value (from static analysis) 9.62 volts

Value according to the Model in [8] 8.30 volts

Value after considering the electrostatic stiffness and without considering fringe field 
using proposed model

8.30 volts

Value after considering the fringe field using proposed 8.18 volts

ANSYS value (without considering fringe effect) 8.30 volts

ANSYS value (considering fringe effect) 8.18 volts

Table 3 Pull-in voltage simulated by ANSYS for the actuators in Table 1

Actuator no. Pull-in voltage without fringe effect Pull-in voltage 
with fringe 
effect

1 8.3 8.18

2 8.99 8.76

3 7.74 7.26

Table 4 Capacitance value simulated by ANSYS for the actuators in Table 1

Actuator no. Voltage Capacitance 
without fringe effect

Capacitance with fringe 
effect

% Change

1 8.18 3.573e−3 pf 5.14e−3 pf 43.82%

2 8.76 6.266e−3 pf 7.96e−3 pf 27.03%

3 7.26 10.49e−3 pf 12.413e−3 pf 18.33%
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The cantilevers and the upper plate are made of layer “Poly2″ and the ground is made 
of layer “Poly0″. These designed dimensions are the same sent by [8] and yet they are not 
the real dimensions. [8] used an optical profiling system to measure the real in-plane 
dimensions of the actuator, and they were found different compared to the designed 
dimensions. The real dimensions are listed in Table 6 in µm except for the thickness of 
the plate and cantilevers which cannot be measured by the optical profiling system.

The actuator is actuated by DC voltage and the circuit in Fig. 6 detects the pull-in of 
the actuator. As long as the pull-in did not occur, the voltage at the gate of the MOSFET 
would be zero so the LED is off. Once the movable plate touches the fixed one, the volt-
age at the gate of MOSFET starts to increase and the LED is on. It’s noticed that the illu-
mination of the LED increases gradually and this may happen due to the increase of the 
contact area. As the area of contact increases, the resistance of contact decreases which 
in turn increases the illumination of the LED gradually. A 1 µF capacitor is placed before 
the MOSFET to suppress any noise that could be caught by the 1.76 GΩ resistance. A 
step of 10 mV is used and after each step, the detection circuit is monitored for 3 min to 
assure that the pull-in didn’t occur. The measured pull-in voltage according to the detec-
tion circuit is 8.19 volts.

If the thickness of the plate and cantilevers is 1.5 µm and the dimensions are the same 
in Table 6, the pull-in voltage value according to the proposed model and ANSYS soft-
ware with considering the fringe field should be 9.94 volts, not 8.19 volts. Consequently, 
the actual thickness of the plate and cantilevers is also not 1.5  µm as in the designed 
dimensions and the exact value is unknown. According to [17], the thickness of the 

Fig. 5 The actuator under the microscope of the probe station

Table 5 Designed dimensions

Dimension d L b h hp bp Lp

Length 2.75 125 5 5 1.5 60 30

Table 6 Measured dimensions

Dimension d L b bp Lp

Length 2.15 124 5.5 60 30
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structural layer “Poly2″, which is the layer of the plate and cantilevers, ranges from 
1.4 µm to 1.6 µm and the minimum Young’s Modulus is 148 GPa. This range will be the 
accuracy criteria for the proposed model. The dimensions in Table 6 will be simulated by 
ANSYS and the proposed model with different values for the thickness to check which 
model will give a thickness closer to the range when the pull-in occurs. In other words, 
many thicknesses will be used on the proposed model to see which thickness will give 
the measured pull-in voltage (8.19 volts). The same will be done in the ANSYS model 
and then the results will be compared. The model which will give a thickness closer to 
the range will be the more accurate model.

Figure  7 and Table  7 compare the measured pull-in voltage value and the values of 
thickness computed by the proposed model and ANSYS software in µm. As indicated in 
Fig. 7, the ANSYS simulation without considering the fringe field gives a value of 1.31 µm 
for the thickness to reach the measured pull-in voltage. However, the proposed model 
gives a value of 1.32 µm for the thickness. In other words, the thickness that matches the 
measured pull-in voltage value with the simulated value is 1.32 µm and 1.31 µm accord-
ing to the proposed model and ANSYS simulation respectively.

In addition, the calculations have been repeated at the minimum possible Young’s 
Modulus (148 GPa) and the results are summarized in Table 8. It’s noted that the pro-
posed model also gives a thickness closer to the range when considering the fringe field 
effect.

Discussion
The new proposed model calculates the pull-in voltage precisely as it takes into con-
sideration all the factors that influence the pull-in voltage. Any formula that can 
calculate the total capacitance including the fringe field can be implemented which 

Fig. 6 Pull‑in detection circuit
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means that there are no longer constraints about the actuator dimensions. The sim-
ulation results of studying actuator 1 shown in Table  2 show that the value of the 
pull-in voltage without considering the fringe field effect is the same for the proposed 
model and the model in [8]. In addition, they agree with the result of ANSYS. How-
ever, when the fringe field is considered, the value drops to a new value. The result 
that considers the fringe effect proves that the fringe field that is generated around 
the edges of the plate influences the actuator performance.

In addition, two other actuators with different dimensions are simulated in Table 3 
to confirm these results. It’s noticeable that the fringe field boosts the capacitance 
value when it’s considered as shown in Table 4. Neglecting the fringe field effect would 
result in an erroneously calculated value of the pull-in voltage. In addition, when the 

Fig. 7 Comparison between ANSYS software and proposed model results

Table 7 Computed Thickness with and without Fringe Effect

Plate 
thickness 
in µm

Pull-in voltage according to proposed 
model considering fringe field in volts

Pull-in voltage according to ANSYS 
and the model in [8] without considering fringe 
field in volts

1.27 7.29 7.82

1.28 7.31 7.91

1.29 7.39 8

1.30 7.61 8.09

1.31 7.85 8.19

1.32 8.19 –

Table 8 Computed Thickness at the minimum possible Young’s modulus

Thickness 160 GPa 148 GPa

Thickness according to ANSYS and model in [8] (without 
considering fringe field)

1.31 1.345

Thickness according to proposed model (with considering 
fringe field)

1.32 1.378
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gap length is comparable to the plate length and width, the effect of the fringe field on 
the capacitance increases. This is the reason why the percentage increase of capaci-
tance in actuator ‘1’ is higher than actuator ‘3’.

For the practically characterized actuator, taking into consideration the measured 
pull-in voltage and the tolerance in the poly-silicon layer thickness (Poly2), the pro-
posed model is compared to the model in [8] and ANSYS. The result of the proposed 
model, according to Table 7, is closer to the range given by the foundry itself. In other 
words, the computed thickness of the actuator by the proposed model is closer to 
the range given by PolyMUMPs itself and it’s more precise in calculating the pull-in 
voltage. This small variation in the pull-in voltage may severely influence the actuator 
performance if the actuator is working near the critical region just before the pull-in 
limit like in case of switching. The actuator working near the pull-in limit expresses 
higher sensitivity which gives it an advantage when it’s used as a binary gas sensor. 
When the actuator is used as a gas sensor as in [8], the erroneous value affects seri-
ously the operation of the sensor since its main operation is near the pull-in limit. 
Thus, the fringe effect should be considered when the parallel plate actuator works as 
a gas sensor if a minimum captured mass is desired.

Conclusion
A new flexible model has been introduced for the parallel plate actuator. It takes into 
consideration the fringe field effect which reduces the value of pull-in voltage due to 
the added capacitance. Thus, it highly affects the performance of the parallel actuator 
especially when it’s working near the pull-in voltage. The model can implement any 
formula that calculates the total capacitance including the fringe field. The results of 
the proposed model are validated by ANSYS.
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